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We study the conductivity, susceptibility and diffusion of a strongly coupled quark gluon plasma from the 
holographic perspective. We calculate general expressions for these quantities in the presence of finite baryon 
density and show that in this context, for the D3/D7 intersection the Einstein relation holds, providing another 
non-trivial check of the holographic correspondence at finite temperature. 



1. Introduction 

In this note we consider the validity of the Ein- 
stein relation in the context of strongly coupled 
plasmas with finite chemical potential. The Ein- 
stein relation in question relates two transport 
coefficients, the diffusion constant, D, and the 
conductivity, a, with an equilibrium quantity, the 
susceptibility, x- We illustrate here that there is 
a correct prescription for the calculation of these 
three quantities within the context of holographic 
flavors in the quenched approximation for which 
Einstein's relation holds. Note that this has been 
studied in the absence of baryon number previ- 
ously, for instance in T , while the universality of 
transport coefficients has been discussed exten- 
sively in [2]. Before coming onto this relation we 
set up the context of our calculation. 

We consider a holographic construction, with 
Nf Dq branes embedded in the metric of Nc ^ 
Nf Dp branes in the quenched approximation. 
The probe Dq branes wrap an n-sphere and the 
space transverse to them is spanned hy € [0, 1) 
and angular coordinates 95*. The embedding of 
the probe brane and the U{1) gauge field strength 
are parametrized by functions ip{r) and Afj_{r), 
whose equations of motion are derived from the 
DBI action. We are interested in solutions that 
involve a non-zero value for At, dual to a non- 
zero chemical potential in the gauge theory. The 
charge density Uq is a constant of motion and can 



be obtained from the electric displacement [3] 
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We shall here deal with the computation of re- 
tarded correlators and consider fluctuations in the 
worldvolume fields of the following form 



The linearized equations for the perturbations 
5* and A are derived by expanding the DBI la- 
grangian up to O(e^). A detailed analysis of these 
equations can be found in [4l5j . 

2. The Conductivity 

The conductivity is obtained from the zero- 
frequency slope of the trace of the spectral func- 
tion [HI] 
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The spectral function is defined in terms of the 
two point Greens function of electromagnetic cur- 
rents and in the limit of zero frequency only 
the transverse part of the Greens function con- 
tributes, given in terms of the boundary DBI ac- 
tion as [8] 
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where E± = loA^^z-, 1°"^ a-i'e inverse components 
of 

7ob — 5ah "I" 27rQ!' A^t, (^Qf, is the puUback metric 
on the probe brane and A/" is a constant factor. 
By expanding the equation of motion of E±^ to 
hnear order in lj and q and imposing regularity 
on the horizon, we obtain 



the case of the diffusion pole, we are looking for 
a dispersion relation of the form uj = —iDq^ + ... 
thus the natural scaling is given in terms of a vari- 
able A as follows Lo —> X^uj, q — s- Xq. Expanding 
to order A*^ the coupled equations for the pertur- 
bations and integrating we obtain 



3. The susceptibility 
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The susceptibility is an equilibrium quantity, 
which can be defined holographically as 
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where the constants of integration are fixed by 
studying the Frobenius expansion around the 
horizon and ^'(q) is the zeroth order in the ex- 
pansion of ^! in A. From the boundary condition 
El?\rB) = we solve for the zero in this mode 



From m we can relate A', (r) to the charge density comparing with = -iDq' 
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Notice that there is an implicit Uq dependence 
in the brane embedding '4^{r). After some algebra 
we can use (|6]) and ([7]) to obtain: 
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with A,S = A,S(7'^''(r),'(/;(r)) (see [5] for the 
complete expressions). 

4. Charge diffusion at finite baryon density 



In [9|10j the diffusion of a generic conserved 
charge was studied using the membrane paradigm 
and the AdS/CFT correspondence. Here we de- 
rive the charge diffusion constant from the pole in 
the longitudinal correlator at finite baryon den- 
sity and quark mass. 

In the presence of a background value for At, 
the gauge invariant longitudinal perturbations, 
E\\ = qAt +UJA1, mix with the scalar fluctuations 
of the brane profile ^'(r). The coupled second or- 
der equations of motion can be found in reference 
[3] . All of the coefficients of ^' are of order q im- 
plying that the natural variable is ^ = qvj/. In 



Note that in contrast to the conductivity and sus- 
ceptibility this expression involves fluctuations. 

5. Numerics, the D3/D7 case study 

Here we focus on the case of a D3/D7 flavour 
setup. For flnite baryon density, only results con- 
cerning the conductivity have been reliably estab- 
lished until now and it can be easily shown that 
our expression for a matches with the expression 
in P+j. In fig. [l]we show plots for x and a from 
([8|) and ^ , for different values of the baryon den- 
sity, as a function of the quark mass, to. In the 
large m limit a approaches an Uq dependent con- 
stant value and x dies off as ~ nq/m. 

6. The Einstein relation 

For zero baryon number, the analysis per- 
formed in 121 confirmed the Einstein relation 
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For Uq and massless quarks, the diffusion 
constant simplifies greatly and Einstein;s relation 
is verified analytically from ([5]), ^ and ([TI 
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Figure 1. x (^*^ units of NcNjT/At:), and a (in 
units of NcNfT'^ /2), against the quark mass de- 
fined by the D7 embedding. From bottom to top 
d (= = 0.001,0.005,0.05,0.2,0.4 and 

0.8. 



For massive quarks, the validity of ([TT|) must 
be established numerically. D can be calculated 
both from a numerical integration of the coupled 
equations of motion for the longitudinal fluctu- 
ations, or by integrating ^'(r) and using pO|) . 
These methods give perfect agreement, pointing 
to the validity of the hydrodynamic analysis that 
led to Uni). In fig. Owe plot the left and right 
hand sides of (fTTj) . For all values of Uq both curves 
agree up to values of ili{rH) close to 1, where nu- 
merics become unstable. 

7. Conclusions 

In this note we have rederived and generalized 
the closed formula obtained in ,10J for the diffu- 
sion constant D to include the case of a finite 
baryon density. We have also worked out the 
conductivity a and the susceptibility x '^^ '"^ holo- 
graphic setup. We show numerically that for the 
D3 /D7 system, the three constants obey the Ein- 
stein relation pT|) at finite baryon density. For- 
massless quarks this relation holds true in general. 
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